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On some multiplicative properties of large
difference sets

Ilya D. Shkredov

Abstract. In our paper, we study multiplicative properties of difference sets A — A for large sets
A € 7Z/qZ in the case of composite g. We obtain a quantitative version of a result of A. Fish about
the structure of the product sets (A — A)(A — A). Also, we show that the multiplicative covering
number of any difference set is always small.

1 Introduction

The landmark question about solvability of equations of the form f(xj,...,x,) =0,
where f € Z[xi, ..., x,] and the variables x; € X; belong to some “large” but unspec-
ified sets X; of the prime field F; was firstly posed, probably, in [12]. Interesting in its
own right, the problem has a clear connection with the sum-product phenomenon
[21] due to the fact that as a rule the polynomial f includes both the addition and the
multiplication. This theme becomes rather popular last years (see, e.g., [7-10, 12, 16,
19] and many other papers).

The question about a partial resolution of some specific equations f(xi,...,x,) =0
in large subrings of rings Z, = Z/(gqZ) for composite q was firstly considered by
Fish in [5] (nevertheless, let us remark that a similar problem was formulated in
[8, Problem 5]). In particular, in [5, Corollary 1.2], Fish considered the polynomial
f(x1,%2,%3,%4) = (x1 — x2)(x3 — x4) and proved the following result.

Theorem 1.1 [Fish] Let q be a positive integer, let A, B c Z, be sets, |A| = aq, |B| = g,
and suppose that o > 8. Then there is d|q with

(11) d < F(B) = expexpexp(CB™),
where C > 0 is an absolute constant and such that
(1.2) d-Zs<(A-A)(B-B).

Here, we use the following standard notation [21], namely, given two sets A, B ¢ Z,
define the sumset of A and B as

A+B:={a+b :acA beB}.
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2 I. D. Shkredov

In a similar way, we define the difference sets A — A, the higher sumsets, e.g., 2A — A is
A+ A - A and, further, the products sets

AB:={ab : ac A, beB}
the higher product sets and so on. Finally, if A ¢ Z; and A € Z, then we write
A-A={)la : ac A}

It is easy to see that in this generality one cannot have Z, = (A - A)(B - B) in
inclusion (1.2) for all sets A, B, and thus, we indeed need this additional (but small)
divisor d. In contrary, for prime g, the divisor d can be omitted and the questions of
this type were studied in [9] and [19]. As we have seen the dependence in F(f3) was
triple exponential on 1. Using a series of other methods, we improve and generalize
the last result in several directions. The signs << and >> below are the usual Vinogradov
symbols.

Theorem 1.2 Let q be a positive integer, let A, B c 7, be sets, |A| = aq, |B| = Bq, and
suppose that o > . Then there is d|q with

(1.3) d < exp(CB™),
where C > 0 is an absolute constant and such that
(1.4) d-7sc(A-A)(B-B).

In [5], the author posed a series of questions in much more general form, as well as
for other polynomials f(x;,...,x,). Using different approaches, we partially resolve
some of them (see Sections 3 and 4). In particular, we have deal with the equation

(ﬂl—bl)(az—bz) =1 (mod q), (al,az) EA, (bl,bz) EB,
and
(a1 -b)* = (az-by)*=1 (mod q), (aj,a2) € A, (by,by) € B,

for rather general two-dimensional sets A, B ¢ Z; x Z, and composite numbers g
with some restrictions on its prime divisors (see Theorems 3.2, 3.5, and 4.1). As an
example, we formulate a part of Theorem 3.2. Giving a positive integer g, we denote
by w(q) the total number of prime divisors of g.

Theorem 1.3  Let q be a squarefree number, let A, B ¢ Zé be sets, | A| = aq?, |B| = fq*,
and suppose that a > f3. Then
(1.5) d-Zg<{(a1-bi)(ay-by) : (a1,az) € A, (b1,b;) € B}
with
d < exp(O(w(q)log w(q) ~log B)).
In particular, for A = ‘B, one has with the same d that
(1.6) d-Zg<{(a1-b1)(az-by) : (ar,az) € A, (by,bz) € B}.
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On some multiplicative properties of large difference sets 3

Our another result may be interesting in itself (even in the case of prime q) due
to it gives a new necessary condition for a set to be a difference set, but moreover, in
addition, it yields another proof of Theorem 1.1 (see Theorems 5.4 and 5.9).

Theorem 1.4  Let q be a positive integer, and let A € Zq be a set, |A| = aq. Suppose that
the least prime factor of q greater than 2a™" + 3. Then, there is X C Z, such that

1
|X| <= +1,
o
and
X(A-A) =7,

The equation X(A — A) = Z, for a set X ¢ Z, induces a coloring of Z, via suitable
subsets of our difference set A — A. Hence, Theorem 1.4 gives us a new connection
between coloring problems and difference sets. Finally, our result and the Ruzsa
covering lemma [11] (see inclusion (5.2)) show that for any set A € Zg, |A| > g, where
q is a prime number, say, the set A — A is a syndetic set (i.e., having bounded gaps
between its consecutive elements, e.g., see [6]) in both multiplicative and additive
ways.

Let us say a few words about the notation. Having a positive integer g, we denote by
w(q) the total number of prime divisors of q and by 7(q) the number of all divisors.
Let ¢(q) be the Euler function. We use the same capital letter to denote a set A € Z,
and its characteristic function A : Zg; — {0,1}. If R is a ring, then we write R* for the
group of all inverse elements of R. Let e, (x) = €2™*/4, and let us denote by [n] the
set {1,2,...,n}. All logarithms are to base 2.

2 An effective version of Fish’s theorem

Having a positive integer n and a set A € Zg x -+ x Zy = Zy (or just A c Z"), as well
as a divisor g.|q, we write

mg.(A)={(a1 (modgq.), ..., a, (modgq.)): (an....,a,) €A} CZy .
We need a regularization result similar to [2, Lemma 2.1].

Lemma 2.1 Let §,¢€(0,1), M > 2 be real numbers, let n be a positive integet, and let
AcZy beaset, |Al = 6q". Then, there is q.|q, and a set A, C A, |y, (A+)| = 1such

that q. = ql.‘.l.q s, M <qj< 8¢, s is the least number with SM*® > 1 and for all G|q.,

4 > M one has

A

ql—e :

2.1 A, Nt <
21 ‘}22_5' g (8]

Proof Suppose not. Then for a certain §{€Zj and qlg, q1 > M, we find

A= An (&) with [A] > q‘f_‘s. Clearly, |74, (A")| = 1 and the density of A’ in the

appropriate shift of Z;’ Jq: I8 at least §q; > §M*®. Hence, applying the same procedure

to the set A’ and to the new module q/q;, we see that our algorithm must stop after
at most s steps. Notice that condition (2.1) holds automatically if § > § “’:71, and hence,
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4 I. D. Shkredov

at the final step of our procedure, we find a set A, c A, |m,/,4, (A+)| =1, having all
required properties. This completes the proof. ]

Example 2.2 Letn=1and q = p;...p,, where p; be some prime numbers. Given
a set A c Zg, we are interested in distribution of A among arithmetic progressions
of the form ag + 8, where § > M is any divisor of g, f is a fixed number from
the segment [§] and & runs over the segment [g/q]. Of course, not all sets A are
uniformly distributed among such progressions, e.g., take A = Ag = {0,4,24...,Lq},
L = q/4 -1 but nevertheless one can always find a subset A, of our set such that
this new set A. does not correlate with these arithmetic progressions in the sense
of inequality (2.1). In our particular case, just take A, = A and g, = q/§.

Now, we are ready to obtain the main result of this section, which implies Theo-
rem 1.2 from the introduction. Our proof uses the Fourier analysis (its standard facts
can be found in [21], say) and classical estimates for the Kloosterman sums. Having a
group G, we define for any function f : G — C and a representation p € G the Fourier
transform of f at p by the formula

(2.2) flp) = f(®)r(g).

geG

Theorem 2.3  Let q be a positive integer, let A, B c Z4 be sets, |A| = aq, |B| = Bg, and
suppose that o > . Then, there is d|q with

(2.3) d < exp(CB™),
where C > 0 is an absolute constant and such that

(2.4) d-Zgc(A-A)(B-B).
In addition,

(2.5) d «< po(@),

Proof Letq=p{'...p!" where p;aredifferent primes, p; < --- < p;. Also,let M > 2,
€ € (0,1) be parameters, which we will choose later. First of all, we remove all divisors
less than M from g. More precisely, for any p;, j € [t] let y; < p; be the maximal
nonnegative integer such that p;’j <M. Clearly, y1 2y, 2...p: 20 and let £, < t be
the maximal j with y; # 0. Thus ¢y < 7(M). Now, we define

to
(2.6) Qi =[]p} < M <min{ M), M@},

j=1
and take A; € A such that a shift of A; belongs to Z,)q, and has density at least a.
In particular, |7q, (A;)| = 1and of course such a shift exists by the Dirichlet principle.
Similarly, we can do the same with the set B so as not to lose the density. Secondly, we
apply Lemma 2 with n =1, A = A, to regularize the set A; and find aset A, € A; and
a module g, that satisfies (2.1) and all other restrictions. Again, using the Dirichlet
principle, we take B, ¢ B such that the density of B does not decrease. Let A € Z,, be
an arbitrary number and we first suppose that A € Z . To prove A € (A - A)(B - B),
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it is enough to show that A € (A, — A,)(B. — B.) or, equivalently, in terms of the
Fourier transform, it suffices obtain the inequality

ABLF 1 = Ar
(2.7) ||q|| > — Z |B*(7’)|2 . Z eq, ( ) = 0.

* * r#0 a1,02€A 4 ay—az

Now clearly,

1

(2.8) o<

> Y IBu(zq.q3")I

* Q219> q2>1 z€Z,

> eqz( Az )

a1,a2€A a1~ az

In terms of the Kloosterman sums

KoM r):= 3 e (& + rx)

x€Zyg x

and the density function

(2.9) Mg (&) ={acA, : a=& (modq,)}|,
one has (recall that A € Z;* and z € Z;z)

(2.10) 3 eqz( Az ):

a1,a2€A, a1~ az
Az - —~
> (@ (@) (g ) 0 ¥ Fn®PKu(2)
£1,62€2, 6-6 8ely,

<2/0271(92) 14,13

In the last line, we have applied the well-known bound for the Kloosterman sum and
the Parseval identity. Now, to estimate |7, |3, we use the regularity property of A,

and derive
A2
(21) 11413 < 11400 11, |1 < ey
2

Further, let us obtain a lower bound for divisors g,. Since |mq, (A;)| = 1, it follows that
for all g1|Q;, we have

1 R Al
LS i (0P, 028 = AL S k28 =0,
! Eequ ! EGqu

Thus, one can see that summations in (2.8) is taken over ¢, > M. Choosing ¢ = 1/4,
say, and using the last fact, we get in view of the Parseval identity that

AP =
ya |4l S |Bu(zgegs))2 < MTVAAL B,
g+ 92|95, q2>1 z€Zy,

o< M

Returning to (2.7), we obtain a contradiction provided |B,| > q.M™"%. In other
words, we have for a certain s > 0, aM*/* > 1 that

IB|M*/* « gM™V/4,
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6 I. D. Shkredov

and this implies M <« B~*. Thus, in view of our restriction to the divisors of g, the
condition & > , the first bound for Q; from (2.6), and the bound for s, which follows
from Lemma 2, we get

d < M™ exp(O(log’ (1/a)/ log(1/B)) < exp(O(B™))

as required.

Now, let A € Z,, bean arbitrary element. Write A = g’A’, where q'|[gand A’ € Ly g
Using the Dirichlet principle, choose a subset of B’ € B, of density at least 8 such that
all elements of a shift of B are divisible by g’. Then our inclusion can be rewritten
as ' € (A, - A,)(B' - B’) modulo gq./q" and we can apply the arguments above
replacing module g, to g./q’.

To obtain (2.5), we use the second bound for Q; from (2.6) and derive as above

d < M*® exp(O(log(1/8))) <« exp(O(w(q) log(1/B)))-

This completes the proof. ]
As one can see from the proof of Theorem 2.3 that the constant four in (2.3) can be

decreased to 2 + 0(1) but we leave such calculations to the interested reader.

3 On the general case

In [5, Problem 2], Fish considered a more general two-dimensional case (actually, in
his paper, he had to deal with even more general dynamical setting) and formulated
the following problem.

Problem 3.1 [Fish]. Let q be a positive number and A, B ¢ Z be sets, |A| = aq?,

|B| = Bq?, and suppose that a > B. Prove that in the case A = B for a certain function F
there is d|q such that d < F(f) and

(31) d 'Zq c {(Cl] - bl)(az - bz) : (al, az) e A, (b],l’)z) € 'B},

provided [3 is sufficiently large.
In this section, we study the number N4 5 (1) of the solutions to the equation
(3.2) (a1 -b1)(az - by) = A(mod q), (a,az) € A, (by,by) € B,

and give a partial answer to the problem above. We consider the squarefree case for
simplicity and emphasis one more time that our sets A, B are arbitrary (in the case of
Cartesian products and squarefree g, one can apply other methods, see [10]). Also, in
the case of prime g, we obtain a result of Vinh-type [22], see asymptotic formula (3.5).

Theorem 3.2 Let q be a squarefree number, let A, B € 7] be sets, |A| = aq’, |B| = Bq?,
and suppose that « > f3. Then

(3.3) dZ; c {(Cll - bl)(dz = bz) : (al,dz) eA, (b],bz) € B}
with

d < exp(O(w(g)logw(q) —logp)).
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In particular, for A = B, one has with the same d that
(34) d- Zq c {([ll - bl)(az - bz) : (al,az) €A, (bl, bz) € B}

In the case when q is a prime number, we have

<4q"*/|A|B|.

In particular, equality (3.1) holds for |A||B| > 164"/* and d = 1.

(3.5)

Al|B
ety A2

Proof We start with (3.3). The proof follows the arguments of the proof of Theorem
2.3, and thus, we use the notation from this result. In particular, writing g = p?* ... p¥',
t = w(q) with pj =1, j € [t] we define Q = [T}_; p; such that (2.6) holds and further
we take A € Z;. The only difference is that one should use Lemma 2 with n =2 to
regularize the two-dimensional set A and let € = 1/4. For a moment, we assume that
M >100¢2, say, and we will choose the parameter M later. Finally, with some abuse of
the notation, we do not use new letters A, B., g. below but the old ones A, B, and q
(in other words, one can think that A is a regularized set already). Also, we utilize
the fact that Zg = Zye x -+ x Zyoe = Zip % -+ x Lp, thanks the Chinese remainder
theorem.

Now;, for a = (a1, a,) and b = (by, by), letus write I(a, b) = 1if the pair a, b satisfies
(3.2) and I(a, b) = 0, otherwise. Then clearly,

(3.6) Nas(A)= > I(a,b).
acA,beB

Without loosing of the generality, we assume that A = 1. Obviously, I(a, b) = I(b, a)
and we can rewrite the matrix I(a,b) as I(a,b) = Z;.Zzl pjuj(a)uj(b), where y;
are eigenvalues and u;(x) are correspondent normalized eigenfunctions of I. One
can easily check that u;(x) = ¢7'(1,...,1), [w]2 =1 and w = |Z;| = ¢(q). Writing
I'(a,b) =I(a,b) — pyuy(a)u;(b), we obtain

(37) Naw() - 2B sh oy )i v (1),
q acAbeB
By the Cauchy-Schwarz inequality, we get the following.
Here, (I')? is the second power of the matrix I'. Similarly, I*(a,a’)=
>y I(a,b)I(a’,b) and the last quantity coincides with the number of the solutions
to the equation

a;—a

. N OESCER

where b = (x,y), a = (a1,a,) and a’ = (aj, a}). Assume that a # a’ and rewrite our
equation (3.8) as
a, —aj

(3.9) x>+ (ay +a})x + ara) + - =0,
az — a,

and its discriminant is D’(a,a’) = (a; - aj)(az — a5)'[(a1 - a])(as — ay) - 4].
Notice that if a = a’, then we have ¢(q) solutions to equation (3.8). By y, denote
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the Legendre symbol modulo a prime p and let yo be the main character (mod-
ulo p). We have the identity y,(x™') = x,(x), x € Z, and hence y,(D'(a,a")) =
Xp((a1 —ay)(az — a})[(a1 — ay)(az — ay) — 4] := x,(D(a,a’)). In view of the Chi-
nese remainder theorem, and our choice of the regularized set A, one has

(3.10)

*(a,a’) = ﬁ (xp;(D(a,a")) + xo(D(a,a")) + (pj ~1)8p, (a1 - af, a2 - a3))
(3.11) -
—&(aa)+ jlil(xo(p(a, a")) + (pj ~ )0y, (a1 - ayar - ab)) = E(a,a’) + €' (a, "),

where for a positive integer m, we have put §,,(z,w) =1if z = w = 0(mod m), and 0
otherwise. Equivalently, writing T for the segment [s + 1, ¢], one has

e@a)= Y TT(w(D(aa)+(p; -1, (a - afar - ab)) - T] xp, (D(a.a"))

@+SCT j¢S jes

= 2 [Iwp(aa) - [Lxp,(D(a,a").

@#SCT j¢S jes

Notice that €(a, a) = 0. From (3.10) and (3.11), it follows that Eu; = 0. Indeed, we know
that I*u; = piu; = ¢*(q)u; and

(3.12) Y T1 (xo(D(a,a")) + (pj - 1)8,,(ar - aj, a; - a3))
a j=s+1
(3.13) =[] ( > Xo((ZW)2—4ZW)+Pj‘1)
j=s+1 z,weij

(3.14) = f[ ((pj—l) > xO(z2—4z)+pj—1): f[ (pi-1*=¢*(q).

j=s+1 zeZPj j=s+1
Hence, in very deed Eu; = 0, and thus

(3.15) o= ((I')’A,A) = ((I')* fur fa) = (I fas fr) = (€A A) + (€ fur fu),

where f4(a)=A(a) - (A, u1)ui(a), ¥, fa(a)=0. Let us estimate the term
r:= (&' fa, fa) rather roughly. Since the function f4 is orthogonal to u; and | f4 [|eo <
1, it follows that:

> fa(a)fa(a) ﬁ (1-8p,(D(a,a")) + (pj =)0y, (a1 - aj, a2 - aé))‘

Il =
a,a’ j=s+1
< ES: 2. fa(a)fa(a') ITS(—SP,-(D(% a'))+(pj—1)8p,(a1 — aj, as - a3))
@+ScT |a,a’ je

ey, 2% 105 e )G

n=1 scT,[s|=n jes \Pi  Pj =l
(3.16) <10JA|g*tM ™.

https://doi.org/10.4153/50008414X23000500 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X23000500

On some multiplicative properties of large difference sets 9

Now, returning to the definition of the operator £(a, a’), recalling estimate (3.8)
and using the Cauchy-Schwarz inequality, we obtain

LN I DY [T X (D((x:9). (a1, a2)) xp,(D((x, y), (a1, a3))

a,a’eAd x,y @#S1,5,CT i€Sy, jeS

(317) [T we((x9), (a1, a2))wp,((x, y), (], a3)).-

i¢S1, j§S2

The term with a = a’(mod q) gives us a contribution at most 4/|A|g? into the last sum
(see (3.12)—(3.14) to estimate |w, ||, for j ¢ S and use the trivial fact that | x, o <1
to bound the rest). Now, let a # a’(mod ¢q) but a = a’(mod g, ) with maximal g.|q.
Thus g, # g and Qi|q.. We can write g = (W) = Qi [T pj for a certain (possibly
empty) set W € T. Let us say that all primes p such that p|(q/q.) (that is, p|q and
p ¢ W) are good. In particular, for all good primes p, one has p > M. Now for a good
prime p, the sum above ¥, o4z, Xp(D(x,y), (a1,a2)) (or, analogously, the sum

Yx,ymod z, Xp(D (X, y), (af, a3))) is either at most 3p32

pif =2~ + a; = =% + a}, modulo p. The last equation is nontrivial one by our choice of
x—a x-a] 2

P> hence it has at most two solutions, and thus, in any case, the sum over x, ymod Z, is
atmost 3p>/? < 3p?//M. Further, we split the sets Sy, S as S; = SF LGy, S5 = S5 LI Gy,
where (possibly empty) sets Gy, G, correspond to good primes and the sets S; ¢ W,
S5 € W correspond to the divisors of g.(W). Since S, S; # &, it follows that either
GIUG; #@orS;,S; # @. Using the notation as in (2.9), namely,

(3.8) na(©=l{acA :az¢ (mod ), g EeZl

we see that the number of pairs a = a’(mod §) is exactly ||775]3 for any §|q and one
can use bound (2.11) to estimate the last quantity. Now, recalling inequality (2.1) and
splitting sum (3.17) according the case W # & or not, we get

by Weil, or the sum over y is

0_2|‘A|71 <

(3.19)

LAl g Y 3 Mg Y Y (t;s)(t;s)(;ﬁ)w

@+WET a,a’eA, a=a’(mod q(W)) a,a’eA n+m>1

<A + PR Y MM 4P AP < AP M.
@+WeT

Using (3.6), (3.7), (3.8), (3.16), and the Cauchy-Schwarz inequality, we get
(3.20)

Nas(d) - |.A||3;|2§9(Q) « (EMV2YA |A|3/4\/m £ (eMYY2 . JJA[[Blq.
We have ¢(q) > q/logt, and hence after some calculations, we see that N4 (1) >0
provided M > t27°log® t. As in Theorem 2.3, one has Q; < M*, and thus

d < exp(tlog M) = exp(O(tlogt —logf)).
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In the case of prime g, the argument is even simpler because one do not need the
regularization, the second term in (3.19) plus the quantity r is negligible, see estimate

(3.16). Finally, let A = B and if A ¢ Zg, then write A = g'A’, where g'|[gand A" € Z;, ..

Using the Dirichlet principle, choose a subset of A’ € A of density at least « such that
|g (A”")] = 1. Then the required inclusion (3.4) can be rewritten as

AN e{(a1-b1)(ay-b2) : (a1, az), (b1, by) € A},

and we can apply the arguments above replacing g, to q./q’. This completes the
proof. [ ]

Remark 3.3 Of course, inclusion (3.4) does not hold for A # B, just take
A=(d-Zq)*x(d-Zg) and B = (d-Zg +1) x (d - Zg +1) for an arbitrary d|g, 1<
d <« 1. Also, the author thinks that the error term in (3.5) can be improved but this
weaker bound is enough for us to resolve our equation for sets of positive densities.

Remark 3.4 The attentive reader may be alerted that we have two different main
terms in (2.7) and in (3.20). Nevertheless, they are asymptotically the same due to the
fact that in (3.20), our parameter M depends on growing quantity w(q).

Similarly, we obtain an affirmative answer to [5, Problem 1] in the case of squarefree
q- By M 4,5 (1), denote the number of the solutions to the equation

(321)  (a-b))*-(az-by)*=1 (mod q), (a,a;) € A, (b, by) € B.

Theorem 3.5  Let q be a squarefree number, let A, B ¢ T, be sets, |A| = aq’, |B| = Bq?,
and suppose that o > f3. Then

(3.22) dZy < {(a1 - b)* - (ay - by)* ¢ (a1, az) € A, (by,by) € B}
with
d < exp(O(w(g)logw(q) —logB)).
In particular, for A = B, one has with the same d that
(3.23) dZs < {(a1-b1)> = (a2 - b2)* : (a1, ;) € A, (b1, by) € B}.
In the case when q is a prime number, one has
A B

(3.24) Mys(d) - 2 < 4978/ A||B].
q

Proof The argument differs from the proof of Theorem 3.2 in some unimportant
details only, so we use the notation from the former result. Indeed, for a = (a3, a,)
and b = (by, by), we write I(a, b) = 1 if the pair a, b satisfies (3.21) and I(a, b) = 0,
otherwise. Calculating I?(a, a’), we arrive to the equation

(3.25) ay - (a))* +2(aj - a)x - ay + (a3)* +2(a2 — a3) y = 0,

and hence, we can find x via y or y via x, provided a # a’(mod q). Assuming that
aj # ay, say, we derive
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@) -ara- () a-df

X =S+1x
2(ay - a}) a, — a ’

and hence substituting the last expression into (3.21) and computing the discriminant
D(a,a") (without loss of the generality, we put A = 1), one obtains

D(a,a’) = (t(ay—s) —a))*+ 1-t)*(1+ (ay - 5)* — a})

(3.26) =2t(t-1)(a; - s)* —2a1t(ay —s) + (1-t)*(1-a}) + (ay - s)* + a;.

As in the proof of Theorem 3.2, we consider £(a, a"), take good primes and so on.
The first eigenvalue y; equals the number of the solutions to the equation x* — y* =
(mod q), that is, ¢(q) again. Also, I*(a, a) = ; and for a # a’ the quantity I*(a, a’)
expressed exactly as in (3.10) (with another discriminant D, of course), and thus, one
can check that Eu; vanishes making calculations as in (3.12)—(3.14). Further, as in
Theorem 3.2, we apply the standard Weil bound to estimate the sum of characters. For
any good prime p, it gives us a nontrivial bound of the form O(p*?) = O(p*/~/M),
and hence, we obtain (3.22) and thus (3.23) by the same argument as at the end
of Theorem 3.2 (one can check or see below that all obtained varieties are non-
degenerated). Finally, to get (3.24), we need to estimate

> 2 x(D((%, ) (a1,a2))) xq(D((x ¥), (a1, a3))),

a,a’e A x,y
and by the Weil estimate, it is at most 20g°/%, say, excluding the case
D((x, ), (a1, ay)) is proportional to D((x, y), (a1, a5)). In particular, it means that
the coeflicients of these polynomials are proportional ones and using (3.26)

and comparing the coefficients before the highest degrees in x, say, we get
a,-2a1-y _ a,—2a,-y
(-a2)* — (y-ap)*
one, and hence, it has at most four solutions. It follows that our sum is at most 4g in
this case. Thus, as in (3.19) and (3.20), we have

AllB
Man(l) - '”q'“q) < 3(q2| Al /JATE] < 3471\ /IATB].

. Again, thanks to a # a’, we see that this equation is nontrivial

This completes the proof. [

Remark3.6 'Wehave used a direct way of the proof of Theorem 3.5, another approach
is to notice that I(a, b) = I(ga, gb), where the linear transformation g is given by the
formula g(x, y) = (x + y, x — y). After that one can apply Theorem 3.2 with the sets
g (A), g7H(B).

Also, let us remark that one can consider the equation (a; — b;)* + (a, — by)? =
A #0, instead of (3.21), that is the question about the distance between points (a;, a,) €
A and (by, by) € B. We leave it to the interested reader to check that all parts of
the proof have remained almost the same (formula (3.25), the identity y; = ¢(q) are
exactly the same).
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4 On an application of group actions

In this section, we discuss another approach to results of Fish-type, namely, we
consider an intermediate situation between Theorems 2.3 and 3.2, our set A C Zfl
is an arbitrary but the set B € Zé is a Cartesian product. In this case, one can deal
with rather general g (and not just squarefree). For simplicity, we do not do any
regularization as in the previous section immediately assuming that all prime factors
of g are large.

In the proof, we follow the methods from [3] and [17].

Theorem 4.1 Let q be a positive odd integer, and let A, B < Zfi be sets, |A| = 8¢,
B = Ax B, |A| = aq, |B| = Bq. Suppose that all prime divisors of q are at least M, where

M > Cre(q)d2(aB) ",
and Cy, C, > 0 are absolute constants. Then

(41) Z; c {(dl - b])(az - bz) : (al,az) e A, (b], bz) € '.B}

Proof Let q=p}'...p", where p; are different odd primes and p; are positive
integers. By our assumption p; > M for all j € [t]. Without loosing of the generality,
one can take A = —1in formula (3.2). Recall that SL,(Zg ) acts on Z, via Mobius trans-

ax+b
cx+d’

formations: x — gx = where g = ( ? Z ) (for composite g, the equivalence is

taken over Z;, of course). Since B = A x B, we can rewrite our equation (3.2) as
(4.2) a=gb, acA,beB,gegG,

where G c SL,(Z,) is the set of matrices of the form

g=( B ) (. B) € A,

see [17, Section 5] or just make a direct calculation. Clearly, |G| = |A|. Further by [17,
Lemma 15], the multiplicative energy E(G) of the set G, that is,

E(G) = 1{(81,82:83,84) €GxGxGxG : g1g;' = 8383}

coincides with the number of the solutions to the system

Pr—-Pa=Ps—Pai=s, s(an —a3) =s(a2 - aq) =0,

o] — ) — XS = K3 — (g — K304,
where (a;,f;) € A, i € [4]. Let s = ds’, where d is a divisor of q and s is coprime
to g. Taking (a1, f1), (a4, fa) € A, we find B,, 85 from the first equation and a,, a3
modulo g/d from the second one. Also, using a3 we can reconstruct a, from the third
equation, provided d > 1. In other words, for fixed d, there are q/d possibilities for s’

and d possibilities for a3. Finally, if d = 1, then we have at most q|G|* solutions. Thus,
we obtain the bound

(4.3) EG) <|GPS L. d<r(q)qlGP.
dlq d
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Now, let us say a few words about representations of the group SL,(Z,) (see [3
Sections 7 and 8]). First of all, for any irreducible representation p, of SL,(Z,), we
have p = p, = Ppr ® - ® pooes and hence, it is sufficient to understand the represen-
tation theory for SL,(Z,n), where p is a prime number and # is a positive integer.
Now, by [3, Lemma 71], we know that for any odd prime, the dimension of any
faithful irreducible representation of SL,(Z) is at least 27! p"2(p — 1)(p +1). For
an arbitrary r < n, we can consider the natural projection 7, : SLy(Zpn ) = SLy(Zyr ),
and let H, = Ker 71,. One can show that the set {H, },<, gives all normal subgroups
of SL,(Zyn ), and hence, any nonfaithful irreducible representation arises as a faithful
irreducible representation of SL,(Z,-) for a certain r < n. Anyway, we see that the
multiplicity (dimension) d, of any nontrivial irreducible representation p of SL;(Z»)
is at least p/3 > M/3.

Applying estimate (4.3), using the formula for E(G) via the representations and
taking into account, the obtained lower bound for the multiplicities of the represen-
tations, we get

M|Gl;, 1
3‘SL2(Zq)| ) |SL2(Zq)

| 2. 41G(p)G (p)I* = E(G) < 7(q)4lGP,
P

and hence

>

3T<q>)”‘* _lal

4.4 Gllop < |G-
(4 Blep <l (52) =15

where by |Gy, we have denoted the maximum of the operator norm of matrices
G(p) for all nontrivial representations p and || - | is the usual Hilbert-Schmidt norm.
Thanks to our choice of M, one can see that bound (4.4) is nontrivial, that is, K > 1.
Returning to (4.2) and using the standard scheme (see, e.g., [17, Lemma 13 and Sections
5and 6]), we obtain

A||B||G -
Nan() - 2 < ATB Gl

where  k~logg/logK and  [SLy(Zg)| = q/2(q) = ¢° T1p,(1-p~%).  Hence
Ny 5(A) >0, provided K> (y/aB) °W. The last condition is equivalent to
M > 1(q)072(\/aB) °W. This completes the proof. ]

5 On the covering numbers of difference sets

Let us recall the definition of the covering number of a set (see, e.g., [1] or [11]).

Definition 5.1 Let G be a finite abelian group with the group operation +, and let
A c G be a set. We write

cov(A) = cov(A) =min{|X| : XSG, A+X =G}
and the quantity cov* (A) is called the (additive) covering number of A.

Having a finite ring R with two operations +, x, we underline which covering
number we use, writing cov® or cov*. It is known [1, Corollary 3.2] that for any set
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A c G, onehascov'(4)=0 (% log |A|) and the last bound is tight. In this section,

we study difference sets A — A, A ¢ Z, and show that cov* (A — A) is always small. First
of all, let us make a remark about a connection between cov* and cov* in a ring R.

Proposition 5.2 Let R be a finite ring, and let S € R be a set. Then
(5.1) cov*(S-S) <cov'(S),
provided all numbers1,...,cov*(S) belong to R*.

Proof LetS+ X =Zgand|X]| = cov*(S) := k. Forany g € Z,, consider jg, where j =
0,1,..., k. By the pigeonhole principle, there are different j; # j, such that j;g e S+ x
and j,g € S + x with the same x € X. It implies that (j; — j,)g € S-S, and hence g €
(j1 - j2) (S = S), provided (j;, — j,) ™" € R*. It remains to notice that [k, k]™ - (S -
S) =[k]™*- (S - S). This completes the proof. ]

By the well-known consequence of the Ruzsa covering lemma [21, Section 2.4], we
have for any finite group G and a set A ¢ G that for a certain set Z € G, one has

(5.2) GcA-A+Z,  |Z|<|Gl/|Al

In particular, it means that cov* (A — A) < |G|/|A|. Thus, Proposition 5.2 gives us the
following result.

Corollary 5.3  Let R be a finite ring, and let A € R be a set, |A| = a|R|. Then
cov (24 -2A) < a”l,
provided all numbers1,...,[a""] belong to R*.

Using the same method, one can estimate the multiplicative covering number of a
Bohr set in Zj, (p is a prime number):

B(L,e) = {xeZ, ¢ |xy/pl <e ¥yeT} ee(0.1], TcZy,
namely, we have
cov*(B(T,¢)) <&M,

It is interesting to decrease the number of summands in Corollary 5.3. To this end,
let us obtain the main result of this section.

Theorem 5.4 Let q be a positive integer, letA € Z, be a set,
least prime factor of q greater than 2o~ + 3. Then

Al = aq. Suppose that the

1
(5.3) covi(A-A) < —+1
o

More concretely, [k.]™" - (A— A) = Zg for a certain k, < a™' +1.

Proof Let p; be the least prime factor of q. By our assumption, we know that
p1 > 2a7 + 3. Write p; = 2k + land take A = {0,1,..., k. },where [a™' = 1] + 1=k, <
k. Then one has Y := (A — A)\{0} € Z;. First of all, consider n € Z and form the set
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n- A+ A. Since |A||A| = (k. +1)aq > g, it follows that there are different A;, 1, € A
such that

nh +ay=nky+a, (modq),

where aj, a; € Aand a; # a,. Hence n € Y™!(A - A) and thus Zyc Y71(A-A). Also,
notice that as in Proposition 5.2, one has Y™'(A - A) = [k.]™ - (A - A).

Now, let n = n’q;, where q;|q and n’ is coprime to g. By the pigeonhole principle,
there is B ¢ Zg)q, and s € Z4 such that q;B + s € A and the density of B in Lgpq, is
at least a. In particular, we have q;(B — B) € A — A. By the same argument as above,
one has n’ = y™'(b, - by)(mod q/q;), where y € Y and by, b, € B. 1t follows that
n =y~ (a1 - a,)(mod q) as required. Thus, we have proved that [k.] ™ (A - A) = Z,
and hence cov*(A — A) < k. < a”! + 1. This completes the proof. ]

Remark 5.5 After the paper was written, the author was informed by Fish that
Theorem 5.4 holds in greater generality, namely, for any measure preserving system
the same is true for the set of return times of a set of positive measure.

Theorem 5.4 implies a consequence about the multiplicative covering numbers of
the intersections of difference sets in the spirit of paper [20] (see [20, Theorems 1
and 3]).

Corollary 5.6  Let q be a positive integer, and let Ay, ..., Ay C Zg be sets, |Ai| = «;q,
i € [k]. Suppose that the least prime factor of q greater than 2(ay, ..., ax )" + 3. Then

k 1
(5.4) cov” (m(A,. —Ai)) <—— 41

i=1 A5 oo K
Proof PutA;=A;n(Ay—s1)n...(Ag —sk_1),wheres=(sy,...,s5_1) € Z’;’I.We
have 3¢ |Ag| = |A1]...|Ak|,and hence, there is s, such that |A; | > a1, .. ., axq. Clearly,
for any s, one has

Az — Az ¢

=

‘ (Ai - Aj).

1

]
—

Applying Theorem 5.4 with A = Ag,, we obtain bound (5.4). This completes the
proof. [ ]

As we have seen before, Corollary 5.3 and Theorem 5.4 give us some bounds for
the multiplicative covering numbers of difference sets. On the other hand, one can see
that Theorem 5.4 does not hold for, say, nonzero shifts of Bohr sets, for the sumsets
A + A, for the higher sumsets nA, n > 2 and so on. Indeed, consider the following.

Example 5.7 Let p be a prime number and S = [p/3,2p/3) or S = x[p/6,p/3)
to make S symmetric. Then the equation a +b=¢ (mod p) has no solutions in
a, b, c € S. Further, we have |S| > p but it is easy to see that cov*(S) is unbounded.
Indeed, if SX =Z, for a set X with |X| = O(1), then we obtain a coloring of Z,
with a finite number of colors and every color has no solutions to our equation
a+b=c (mod p).It gives us a contradiction with the famous Schur theorem, (see
[14]) (actually, it implies cov*(S) > log p/loglog p).
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In particular, we see that cov™ (X + s) can be much larger than cov*(X) for a set X
and a nonzero s.

Proposition 5.2 implies that any syndetic set ScF,, [S|>p has
cov*(§—=38) = O(1). On the other hand, thanks to inclusion (5.2) any set of the
form A — A, where A ¢ IF,, |A| > p is syndetic (with the gap depending on A but not
juston p/|A|, of course). Thus, it is natural to ask about a generalization of Theorem 5.4
to the family of syndetic sets. Nevertheless, taking S = {1+ kM }xe(p-1)/m]» M 25
and p = 2(mod M), say, we see that S is a syndetic set and S has no solutions to the
equation a + b = ¢(mod p). Thus, as in the example above, we see that cov*(S) is
unbounded.

Remark 5.8 A dual form of Theorem 5.4 has no place, namely, there is a set A € Z,,
|A] > p such that cov*(A/A) > log p. In other words, cov'(A/A) is close to the
maximal possible value. To see this, just take A to be the set of all quadratic residues
(see, e.g., [13, Proposition 14]).

Finally, let us give another proof of a variant of Theorem 1.1 via our covering
Theorem 5.4. Notice that the number d below can be a non-divisor of g.

Theorem 5.9  Let q be a positive integer, let A, B c Z be sets, |A| = aq, [B| = Bg, and
let us assume that o > B. Suppose that the least prime factor of q greater than 27" + 3.
Then, there is d #+ 0 with

(5.5) d<af,
and such that
(5.6) d-Z,<(A-A)(B-B).

Proof Applying Theorem 5.4 with A = B, we find a set X € Z,, n:=|X| < 7' +1
such that X(B - B) = Zy. Let X = {x1,...,x,} and X = (x1,...,x,) € Zy. Consider-
ing the collection of the sets A” + j- X C Zg, j > 1, we see that thereis 0 < d < a™" with
d-X cA- A Hence

(A-A)(B-B)2d-X(B-B)2d-7Z,
as required. It remains to notice that
d<a<af .

This completes the proof. [ ]

6 Concluding remarks

Let us discuss other approaches to Theorem 1.1. First of all, recall the well-known
Furstenberg’s result [6].

Theorem 6.1 [Furstenberg]. Let n be a positive integer, let § € (0,1] be a real number,
and let S be a set of size n. Then for all sufficiently large N > N(8, n) an arbitrary set
A c[N]x[N], |A] > 6N? contains the set o + f3 - S for some o and B # 0.

Quantitative bounds for N(§, n) from Theorem 6.1 can be found in [15].
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Corollary 6.2 Let q be a prime number, A C }Fé, \A| = 8q* and A,B < Fy, |A| = axq,
|B| = B.q. Then, there is a decreasing positive function ¢ such that if min{a., ., 8} >
¢(q), then formula (3.1) takes place for B = Ax B, any A € Z3 and d = 1.

Proof Take S =38, =[k]x[k]orS=3S8,=1{(2/,2j) : je[k]} fora certain positive
integer k. Applying Theorem 6.1 with n = |S| and A = A, we see that for some «, § + 0
the following holds & + 8- S € A and hence to solve (3.1) with d =1 it is sufficiently
to find for any A € Z some elements a € 7' (A~ «), be B~ (B-«) and (t,1;) €S
such that

(t1—a)(t2 - b) = A(mod q).

If for a certain absolute constant C >0, one has k > min~“{a,, B.,8}, then for
S =S, the last equation has a solution thanks to the famous Bourgain-Gamburd
machine [4] (see details in [18], say) and for S = S; (actually, for any dense subset of
S1), the latter fact was obtained in [18, Theorem 3]. This completes the proof. ]

The author does not know how to obtain Corollary 6.2 for composite g because
there is no control over divisors of 8 in Theorem 6.1. It would be interesting to say
something about prime factors of the dilation S.

We finish this section with a problem (it is interesting in its own right from a
combinatorial point of view), which potentially gives another proof of Corollary 6.2
thanks to [18, Theorem 3].

Problem 6.3  Let n be a positive integer, and let 8, r € (0,1] be real numbers. Then for
all sufficiently large N > N(8, k, n) an arbitrary set A€ [N] x [N], |A| > ON? contains
the set a + - S for some a and f, where S € [n] x [n] is any set of size n'*".

Of course, some estimates on N (6, , ) follow from Theorem 6.1 but maybe it is
possible to obtain a better bound.

Acknowledgments The author thanks Alexander Fish for very useful remarks (espe-
cially for Remark 5.5) and valuable comments. The author also expresses his deep
gratitude to the referee for suggestions and comments.
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